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Wzory podstawowe

f0dx =C

Jdr=2+C

[ xdx = le +C

Jatdr = Zga™ 4+ O, dlan # -1
[idz =In|z|+C

.f’;((;))dlen|f(x)]+0
S Hde=-1+C

- Vrde = 2z
.fﬁdx:%/f—l—C

f(w d$—21/

= arcsinz + C

fsmxdx = —cosz +C
[tsinhadr = —2coshz + C
Jcosxdr =sinx + C

J cosh xdx = sinhz + C'

J Smlgxdm = 3cotz 4+ C

| =dx = —*cothz 4+ C

J Cos%dac =tanz + C

Ik Cosh2 dr =°tanhx + C
Jetdr =e*+ C

lsinha =

2coshz =

eT _e— T
2 7
e’ +e x

, jest to sinus hiperboliczy

, jest to cosinus hiperboliczy

3cot x oznacza cotangens

deotx =

cosh z

Sah jest to cotangens hiperboliczy

Stanha = SIMI2T jest to tangens hiperboliczy

coshx



21.fm‘”d:£:%—l—0,dlam>01m7é1
22. [Inzdr =zlnx —ax+C
23. [arctanxdr = rarctanx — Invz2 + 1
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Catkowanie funkcji wielomianowych

f0dx =C

Jdr=2+C

fxdx:lx2+0

[ (ax 4+ b)dx = $a* + bx + C
[adr = 2" + C, dlan # —1

n+l

[ (ax +b)"dx = (ax + )"+ C,dlaa#0in#—1

a(n+1) +1)

J(@na™ + a2+ ax Fag)dr = JEpat 4ttt
.+ Y24+ C



Catkowanie funkcji wymiernych
1. [idz =In|z|+C
2. [ x%da: = —% +C
3. 11% = arctanx + C'
2n—3
4. J (1—1—:02 = o n0re) T T ano (1+x2 =, dlan 71
5. f1+ i = Larctan (az +b) + C, dlaa #0
6. [ a;fx? == arctan% +C,dlaa#0
7. b+($ e = \}Barctan 2+ C,dlab>0
8. [, = L[|+ O, dlaa> 01|z #0
9. [ —5de = tInjax + 0|+ C, dlaa#0
1 —
10. f (az+b)? dr = a(aerb +C
1 1
1. @407 — a(i=n)(aatoy T T C,dlan#1
12. [ A8 dy — :B+%_2Abln|ax+b| +C,dlaa#0
13, [ —T— arctan —I— C,dlaa#0oraz A <0
+ " \/ 4a \/ 4a
14. fﬁ = ﬁln|x+bf“f|+0 dla a # 0 oraz A >0
15. fazgj_ierc = _amib +C,dlaa#0oraz A=0
16. fb+w2 = arctan 7 +C,dlab>0
b
17. Méﬂiﬂx = A 1n|ax? 4+ br + | + 2;5%17 arctan -
4a?
dla a # 0 oraz A < 0
18. [ atiedr = 5 Infaz’ + b + |+ 2278 In |- HH+C dla

a# 0 oraz A >0




19.

20.

21.

22.

23.

24.

25.

ax?+bx+c

a#0oraz A =0

f Ax+B dl’ _ A 2aB—bA f dla
ax?+bx+c)m a(l—n)(azx®+bx+c)"— natl A nf— 1+t n)
(az2+brtc)™ 21} T 2qnt ( 2

[ A2 dr = £ 1n|az?® + bx + ¢| + 22B=4b(— ig)—i-C', dla
2

b
a7é07n7é1,A<00razt:H—_ZZ
402

z-+ Bz - 2a(C—<4 b4 P
f Aax2:€$j__5dx — *iL’-i- —a ln ‘a/:]: + bx + C’—'— ( a\}fi( a ) arctan 772722_'_
4a
C, dlaa#OorazA<O
z z - 2a(C—<4)—(B=4)p z
f Aaxikfxiccdx = *$+ e 111 \a:r: + bx + C|—|— ( ;a)\/gi =) 1 | +b+2\aﬁ |+

C’,dlaa#OorazA>O

_bA a(C—cA)_(B_bA
AheiCdr = dat P Infaa? 4 b o O O (- )
C,dlaa#0oraz A =0
J (:L‘—a)(xdfb)(:c—c) = (a—b)l(a—c) In |z _a|+(b PIC *ln|$ - b|+ —a)(c—b) In |z — ¢+
C,dlaa#0b#c
I oy i 31 s ATEE (= 7(1’41?;(“&]3_0) In|z —al + (bib)%ln |x —b| +
(Cf;%lnh: cl+C,dlaa#b+#c
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14.

15.

16.

17.

1
’ f \/(ax+b)

S
.f\/%:ln]x—l—\/x?—aQ\—FC’,dlaa;éO

Catkowanie funkcji niewymiernych

- Vrde = 2a\/x
- [Vax +bdx = Z(ax + b)y/(ax +b), dlaa # 0
.fﬁdaz:2\/§+0

dr = 29t 4 O dlaa # 0

= arcsinz + C

__dz  _1 :
f\/m—aar081n(a:£—l—b)+0, dlaa#0

a‘ﬁxg =arcsin? +C, dlaa >0

=ln(zx+vV2?2+1)+C

=Ll ((az +b)+/(ax + b2+ 1)+ C,dlaa#0

fi,m
mm\rz |+ C, dla fo > 1

| T /az+b21 |(az +b) + \/mH—CdlaMx—l—
b|>1ia#0

[ 72— =Injo+ b+ Va2 +br+ |+ C, dla® A <0

—aw_ b
v 2v=e 1 (O dlaa <0, oraz A >0

_ 1 : @
J \/m2+bz+c = —— arcsin ~
\/ —4a

| 7= = LI |Vaz + 5% + Var’ + br + o + C, dla a >
0iA<O

| 2B —dr = Av/ax® + br + o+ 2252 In | ax + 5b + Var® + b + o+

a

C,dlaa>0iA<0

b
_ Az+B g _ 2 2aB—Ab A Ve
J e dr = \/cw: +br +c+ +

arcsin
2av/—a \/T
—4a

C,dlaa <0, oraz A >0

SA = b? — 4ac oznacza delt réwnania kwadratowego
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Catkowanie funkcji trygonometrycznych

[sinxdr = —cosx + C

[sin (az +b)dx = —= cos (ax +b) + C, dlaa # 0
Jcosxdr =sinx + C

Jcos (ax + b)dx = Lsin(az +b) + C, dlaa #0
[Z—dx = —cotx+C

sin“ x

[ —rp——dr = —2 cot (az + b) + C, dlaa # 0

sin? (az+b)

f%dx:tanx+0

cos?

8. fﬁdw— Ltan (ax +0) +C, dlaa #0

14.

15.
16.

az+b) T a

. [sinhzdx = — coshz + C
10.
11.
12.
13.

[ sinh (az + b)dz = —X cosh (ax 4+ b) + C, dla a # 0
J coshxdxr = sinhx + C

[ cosh (ax + b)dz = L sinh (az +b) + C, dla a # 0
fmdx:tanhijC

| itz de = & tanh (az +b) + C, dlaa # 0

[ —t—dx = —cothz + C

sinh?

fmm':—icoth(ax—i-b)—i-a dla a # 0



6 Calkowanie funkcji wyktadniczych
1. [e*de =e*+C
2. [erthdy = Lewrtt 1 O dlaa #0
3. fmwdx:%—l—C’, dlam>0im#1

4. [metbdy = L 0 dlad >0, m#1ia#0

alnm



7 Calkowanie przez czesci i podstawienie

1. [In(az + b)dz = L[(azx+b)In (ax + b) — (az+b)]+C, dlaa # 0

2. [2"Inzdr = n%rlxnﬂ Inz — (njl)zxnﬂ +C

3. [arctan (azx + b)dx = L[(ax+b) arctan (ax + b)—In \/(ax + b)2 + 1] + C

a

10



